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Abstract

The quartz crystal microbalance (QCM) is a versatile surface-acoustic-wave-based gravimet-
ric sensor widely used in biosensing, vapor and gas detection, thin film monitoring, corrosion
studies, polymer adsorption, and surface interaction analysis. In this work, a comprehensive
finite element method (FEM) simulation framework for QCM crystals is presented using
COMSOL Multiphysics. The model couples solid mechanics, piezoelectricity, and electro-
statics to predict resonance behaviour with high accuracy. Validation against analytical calcu-
lations showed close agreement, confirming the reliability of the approach. The study further
examines the influence of crystal radius on the resonance frequency constant, providing in-
sights into the applicability of the Sauerbrey equation. Results confirm that the Sauerbrey re-
lation underestimates resonance frequency at low diameter-to-thickness ratios because of the
edge effect and has relatively low accuracy, while at higher ratios the simulated and analyti-
cal values agree within 2.64%. Overall, the proposed FEM framework deepens understanding
of QCM behaviour and supports the development of more accurate and efficient sensor de-
signs.

Keywords: Quartz Crystal Microbalance (QCM); Finite Element Method (FEM); Sauerbrey;
Surface Acoustic Wave (SAW) Sensors.

1. Introduction

Quartz Crystal Microbalance (QCM) is a sensitive, label-free sensor for tracking nanoscale
mass changes at interfaces across a wide range of scientific and engineering problems. Introduced
by Giinter Sauerbrey in 1959 for gravimetric measurements [1], QCM has since become central to
monitoring thin-film growth and deposition processes [2-5] and to probing interfacial phenomena
such as adsorption and surface interactions [6-8]. Its ability to provide real-time, label-free detection
has also made it invaluable in the study of biomolecular interactions and cellular responses [9-12].
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QCM has also been widely applied in chemical and vapor sensing [13-16], in electrochemical and
interfacial investigations, including electrodeposition and solution phase measurements [17, 18], in
sensor surface engineering using porous and functionalized electrodes [19], and in characterizing
viscoelastic behaviour of polymer-loaded resonators [20].

Finite element modelling increasingly complements laboratory work and provides a robust
framework for reproducing QCM responses. Simulations enable optimization of sensor geometry
and investigation of mass loading, viscoelasticity, and fluid—structure interactions that experiments
cannot fully resolve. COMSOL Multiphysics was employed for its modularity, numerical fidelity,
and stability to reconcile experimental measurements with spatially and temporally resolved theo-
retical models.

Finite element modelling of QCM began with a 2D study that showed how a sample of finite
lateral size alters resonance frequency and bandwidth through contact area effects and acoustic en-
ergy redistribution [21]. Following that work, FEM has been used to numerically and experimental-
ly characterize resonance behaviour and hydrodynamic loading of QCM P devices operating in lig-
uids for biological detection applications [22]. Design and optimization of electrode geometries and
high-frequency QCM architectures, including concentric, dual inverted mesa, ringed, and ring dot
configurations, have been explored with FEM to enhance energy trapping, increase resonance fre-
quency and quality factor, and tailor mass sensitivity distributions [23-25]. Finite element analyses
have specifically examined how electrode material and shape affect local mass sensitivity and over-
all device performance [26-29]. FEM studies have also modelled functionalized sensing films and
coated resonators for gas detection and electronic nose applications to evaluate coating effects on
frequency response and selectivity [30]. In liquid environments, finite element approaches ad-
dressed thin-layer immobilization, field-deployable pathogen detection concepts, and the influence
of droplet wettability and evaporation kinetics on QCM signals [31-33]. Finally, FEM has been
applied to investigate the sensing of volumetric liquid properties and the impact of microstructure
resonator designs on admittance spectra and mode behaviour [34].

In this paper, we aim to develop a platform for the comprehensive investigation and analysis
of QCM crystals using the finite element method (FEM). The accuracy of the model will be tested
under various conditions. Upon validation of its performance, we will investigate the effects of dif-
ferent parameters, such as crystal diameter and thickness, on resonance behaviour. The model will
be compared with the Sauerbrey equation at varying crystal diameters.

Quartz, being a piezoelectric crystal, experiences shear displacement when an alternating cur-
rent is applied across its top and bottom electrodes. This alternating current induces resonant oscil-
lations in the quartz crystal, occurring at a frequency known as the resonant frequency. The reso-
nance frequency depends on the crystal’s thickness: it increases when the quartz thickness is re-
duced and decreases when the thickness is increased.

_ /Hq/Pq
fo="0, (1)

Where tg, ug and pg represent the thickness, shear modulus, and density of the quartz crystal.

The resonant frequency of the crystal is inversely proportional to this thickness. To study how the
resonant frequency changes with varying quartz thickness across the available quartz substrates,
researchers varied the quartz thickness and plotted the corresponding resonant frequency values. In
this work, the constants p,=2.947 x 10" g cm™ s and p,= 2.648 x g cm™ are used, which are de-

termined by the intrinsic physical properties of quartz.

The theoretical description of a quartz crystal microbalance (QCM) sensor is commonly de-
rived from Sauerbrey’s relation, which links the frequency shift to the change in mass on the crystal
surface [1]. It is expressed as,
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Where A denotes the electrode area of the QCM, Af represents the variation in resonant fre-
quency, and Am corresponds to the mass change occurring on the electrode surface.
In this work, a numerical model of the QCM is developed based on FEM and verified against
analytical Equations. This work aims to set the ground for enhancements that consider the compli-
cated physics analytical equations do not.

2. Design and Simulation

This section describes the FEM geometry and mesh design, assumptions, governing equa-
tions, simulation setup and parameters, mesh-independence test, and validation approach. The mod-
el was built in COMSOL Multiphysics 6.1 to simulate coupled multiphysics phenomena.

2.1 Geometry and Meshing

This study models 10 MHz quartz disk resonators with thicknesses 160—171 pum and diame-
ters 1.6—8.2 mm to assess diameter effects on resonance. The disk uses a structured mesh: a central
circular region of 207.5 um meshed with crossed, near-square elements, and an outer annulus divid-
ed into 96 equal sectors, each with 100 radial divisions. Mesh density increases toward the center
(elements nearly two orders of magnitude smaller than at the perimeter), the surface mesh is extrud-
ed into seven thickness layers, and the final mesh is shown in Fig. 1.

Measurement Point

Figure 1. Mesh structure for FEM. The mesh is structured and concentrated in the center. Crystal thickness
is made of a number of mesh layers with the same structure.

2.2 Governing Equations

In modelling the quartz crystal microbalance (QCM) under vacuum conditions with the finite
element method (FEM), three coupled physical domains must be considered: structural mechanics,
electrostatics, and piezoelectric behaviour. These fields are interdependent, and their governing re-
lations are solved simultaneously within the simulation framework. The key equations are summa-
rized below:

A. Charge conservation:

V.D =p, 3)

Where D denotes the electric displacement vector and p,, is the volumetric charge density.
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B. Mechanical equilibrium:

V.T =0 4)

With T representing the stress tensor.
C. Piezoelectric constitutive relations (strain—charge form):

S=sET +d'E (5)

D= dT +€"E (6)

Here, S is the strain tensor, E is the electric field, s the elastic compliance at constant elec-
tric field, d is the piezoelectric coupling matrix, and e” the permittivity matrix at constant
stress, the superscript t indicates transpose.

2.3 The Assumptions and Parameters of the Simulation

The numerical model was developed under the following assumptions and conditions:

a. The quartz disk is assumed to vibrate in a vacuum environment.

b. A uniform excitation voltage of 10 V peak is applied across the entire disk surface.

c. Sauerbrey’s assumptions are adopted. In particular, variations in crystal loading are repre-
sented by modifying the crystal thickness, consistent with the requirement that the added
mass is rigid and evenly distributed on the surface.

d. Frequency shift is limited to under 5% of the nominal resonance frequency.

e. Displacement measured at the center of the lower face (Grounded) of the disk.

f. The crystal material is AT cut quartz, specified according to the IEEE 1978 standard.

h. Simulations were performed over the frequency range of 9.7-10.1 MHz.

2.4 Mesh Independence and Model Validation

A mesh convergence study verified numerical accuracy by refining an initial 6,200-element mesh
progressively in all three directions and generating resonance curves for different mesh intensity
factors (Fig. 2). Curves converged as intensity increased, with successive refinements showing neg-
ligible differences; plotting resonance frequency versus intensity confirmed consistency. Balancing
accuracy and computational cost, an intensity factor of 7 was chosen for subsequent analyses.
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Figure 2. Changes of Resonance Frequency by increasing Mesh Intensity Factor (MIF)

The validated model was then used to examine resonance behaviour. The simulation produced
displacement—frequency curves, with Fig.3 showing the three-dimensional displacement distribu-
tion across the disk surface. Fig. 4 illustrates resonance curves obtained for crystals of varying
thicknesses, highlighting the sensitivity of frequency response to geometric parameters.
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Figure 3. Displacement magnitude at the crystal surface
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Figure 4. Resonance Curve for Different Crystal Thicknesses. 167 to 169 um thickness shows a local maxi-
mum for the resonance curve quality factor (Peak Height), resulting in better crystal sensitivity. This justifies
the relevance of 10 MHz crystals in the market.

3. Results and Discussion

3.1 Crystal Diameter

Based on Eq. 1, the crystal diameter does not directly affect the resonance frequency. Howev-
er, research indicates that the diameter of the crystal does impact resonance, particularly at small
diameter-to-thickness ratios. This phenomenon is referred to as the edge effect by Sauerbrey. [1] To
investigate the effect of the crystal edge on the resonance frequency, several simulations were con-
ducted using different crystal diameters ranging from 1.6 mm to 8.2 mm. The base mesh structure
was preserved, and the thickness remained fixed at 167 um. The results indicate a sharp decrease in
resonance frequency, which occurs non-monotonically at small diameters. However, as the diameter
approaches 8 mm, the behavior stabilizes. Fig. 5 illustrates the relationship between resonance fre-
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quency and crystal diameter. Notably, the endpoints of Fig. 5 exhibit approximately a 0.13% differ-
ence from the values computed by theory, which falls within an acceptable margin of error.
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Figure 5. Resonance Frequency Versus Disk Diameter

3.2 Sauerbrey Test

The frequency constant obtained through simulation was compared to values computed using
Sauerbrey’s equation across a range of crystal diameters. At smaller diameters, there is a significant
difference between the two values. However, as the crystal diameter increases, the results from both
methods converge, minimizing the error. For diameters larger than 8§ mm, the error was approxi-
mately 2.64%. Sauerbrey himself acknowledges that his equation is unable to predict the frequency
constant accurately for small diameters due to edge effects. The error in the frequency constant cal-
culated by the Sauerbrey equation is high For small diameters and it decreases with increasing disk
diameter. For diameter-to-thickness ratios larger than 20 error falls below 1%. [35] A graphical rep-
resentation of these results is shown in Fig. 6. The error percentage as compared to Sauerbrey’s
equation for various crystal diameters is represented in Fig. 6.
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Figure 6. Sauerbrey Test Error for Different Disk Diameters
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4. Conclusions

In this study, we developed a three-dimensional numerical model that incorporates solid me-
chanics and electrostatics for a linear elastic and piezoelectric material known as the Quartz Crystal
Microbalance (QCM). The model was implemented using COMSOL Multiphysics. To validate its
accuracy, we compared the simulation results with theoretical predictions for resonance frequency.
Remarkably, the numerical simulations closely aligned with the theory, exhibiting only 0.7 % error.
Our investigation focused on a range of crystal diameters to address the limitations of the Sauerbrey
equation in accurately predicting resonance frequencies due to the edge effect. Notably, at large
diameters, the resonance frequencies obtained from both the Sauerbrey equation and our simula-
tions matched closely. The error for diameters greater than 8 mm was around 2.64%. However, sig-
nificant differences emerged at smaller diameters. This is in agreement with Sauerbrey’s low accu-
racy in predicting the frequency constant at small diameters because of the edge effect. This numer-
ical model serves as a foundational framework for further exploration, including the study of liquid
interactions with the crystal.
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